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Abstract

Most the literature on the stability of the cubic functional equation focus on the case where the relevant
domain is a normed space. In this paper, we investigate the stability of the cubic functional equation on
n-Abelian groups.
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1. Introduction

In 1940, S. M. Ulam [I9] proposed the following question concerning the stability of group homomor-
phisms:
Let G; be a group and (Ga,d) a metric group. Given € > 0, does there exist a § > 0 such that if a function
h : G1 — Gy satisfies the inequality d(h(zy), h(x)h(y)) < d for all z,y € Gy, then there exists a homomor-
phism H : G — Gy such that d(h(x), H(z)) < ¢ for all z € G17
In the next year D. H. Hyers [[3] answers the problem of Ulam under the assumption that the groups are
Banach spaces:
Let X be a normed space and Y a Banach space. Suppose that for some € > 0, the mapping f : X — Y sat-
isfies || f(z+y) — f(x) — f(y)|| < e for all z,y € X. Then there exists a unique additive mapping 7' : X — Y
such that || f(z) — T'(z)|| < ¢ for all z € X.

In 1978, Th. M. Rassias [I'/] formulated and proved the following theorem:
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Let X and Y be real normed spaces with Y complete, let f : X — Y be a mapping such that, for each fixed
x € X, the mapping h(t) = f(tz) is continuous on R, and let € > 0 and p € [0,1) be such that

1f (@ +y) = fl@) = FlI <edzl”+llyl*),

for all z,y € X, then there exists a unique linear mapping 7" : X — Y such that
[l
I7() - T@) < e 10,
for all x € X.
Next Gavruta [[2] proved the generalized Hyers-Ulam-Rassias theorem. He replaced e(||z||” + [|y||P) in the

o0
theorem of Rassias by ¢(x,y) where ¢ is a function such that Z%QZ)(Q’%, 2k4)) is finite for all 2,y € X. Jun
k=0

and Kim [I4] introduced the following cubic functional equation

fRr+y)+ f(2x —y)=2f(z +y) +2f(z —y) + 12f(z), (1.1)

and they established the general solution and the generalized Hyers-Ulam-Rassias stability for the functional
equation ().

Every solution of the cubic functional equation is said to be a cubic mapping.

M. Eshaghi Gordji and M. Bavand Savadkouhi [@] proved the generalized Hyers-Ulam-Rassias stability of
the cubic and quartic functional equations in non-Archimedean normed spaces.

Moreover the generalized Hyers-Ulam-Rassias stability of the mixed type cubic-quartic functional equations
in non-Archimedean normed spaces was investigated in [A].

During the last decades several stability problems of functional equations have been investigated. The reader
is referred to [B, @, 5] and references therein for detailed information on stability of functional equations.
The first paper extending the Hyers result to a class of non-Abelian groups and semigroups was [8]. The
notion of (1), y)-stability of the Cauchy functional equation was introduced in [9]. In [9], among other results,
it was proved that the Cauchy functional equation

flzy) = f(x) + f(y),

is (1, y)-stable on any Abelian group, as well as on any meta-Abelian (step-two nilpotent) group.

2. Preliminaries

In this section, we consider the stability of the cubic functional equation

F(2?y) + f (@Py™") = 2f(zy) = 2f (ay™") - 12f(2) =0, (2.1)

for the pair (G, X) where G is an arbitrary group and X is a real Banach space. Every solution of the
functional equation (E) is said to be a cubic mapping. We prove that if G is an n-Abelian group with
n € N, then the cubic functional equation (270) is stable on group G. The Jun and Kim result [I4] is a
particular case of this result. In this sequel we will write the arbitrary group G in multiplicative notation.
Throughout the section X denotes a Banach space.

Definition 2.1. The cubic functional equation (E) is said to be stable for the pair (G, X), (write (G, X)
is CS for short) if for every function f: G — X such that

Hf (%) + 1 (5" — 2f(ay) — 2f (ey~Y) - 12f(2)

<4, (2.2)

for all z,y € G and some ¢ > 0, there is a solution 7" of the functional equation (21) and a constant € > 0
dependent only on § satisfying

[f(z) = T(2)]| <e (2:3)
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Lemma 2.2. Let G be an Abelian group. If f : G — X satisfies the inequality (222) for all x,y € G and
some § > 0, then there exists a unique cubic mapping T : G — X such that

1
If(z) = T(@)ll < ;9 (2.4)
forall x € G.
Proof. Put y = e in (E2) to get
1
If (@) = 8f(@)] < 56 (2.5)
Let n,m € N with n > m. Then from (Z3), we have
n—1 n—1
EZCRRS 2 BV COR S COp] E5 -2 9 SRNCL
Therefore the sequence (8171 f (l’Qn) > is Cauchy and so is convergent in the Banach space X. Set

T(x):= lim if (z*").

n—oo SN

(-0))

1
If(z) = T(@)ll < ;6

The function T is a cubic mapping. Indeed for any n € N and any z,y € G, we have
1 on 1 1\ 27 1 n 1 1\ 27 1 n
a7 (@07 4 ot (@) =2t (@) - 207 (@) = 1207 07

8n 8n 8n 8n
because G is an Abelian group.
Letting n tend to infinity, we obtain

T ($2y) +7T (a:Qy_l) — 2T (zy) — 2T (:Uy_l) — 12T (z) =0,

Next put m = 0 in (28) to get

|70~ ot @)

Letting n tend to infinity, we obtain

|<15,
<@

for all z,y € G. Hence T is a cubic mapping.
To prove the uniqueness assertion, assume that there exists a mapping S satisfying (E4). It is easy to verify
that every cubic mapping g satisfies g (wk) = k3g(z) for any z € G and any k € N. So

1 n n 1 n n 1 N . 1 /1
\T(w>—5<w> = T @) -8 @| < |7 - £ @) | + 5| f @) -5 @) \sng(fs),
for every x € G and any n € N. Hence T' = S. This proves the uniqueness assertion. O

Lemma 2.3. Assume that f : G — X satisfies the inequality (E22) for all x,y € G and some § > 0. Then
the limit

k(@) = lim 8in f (=), (2.7)
exists for all x € G, and
7(@) = k(@) < 26 and k(a?) = 8k(z), (2.8)

for all x € G. The function k with conditions (228) is unique.
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Proof. Let z be a fixed element in G. If we consider the cyclic subgroup (z) of G, then by Lemma 272, we
conclude the existence of a mapping k£ : G — X such that k is cubic and (272) and (ZR) are satisfied. If
there exists a mapping k¥’ : G — X such that

, 1
/@) = k(@) < 170

and
K (m2) = 8K'(z),
for all x € G, then by induction we obtain
k (:c2n) = 8"k(x), K (xQn) = 8"k (z),

for any n € N and any z € G. So

Hk(z)—k’(m) :8% k(22") — K (22") H 381,LH1€(;U2”) — f(=*") H+81n f (@) =K (2*) ‘
1 /1
<% (ﬁ) :
Therefore k = k' 0

Lemma 2.4. Suppose that the couple (G, X) is CS. Let f, T and € be same as those in Definition 2.
Then T is unique and

1
17 (@) =T (@) < ;6

Moreover ﬁé 1s the best possible upper bound for the above inequality.

P’I"OOf. By Lemma B, T is unique and
14

For the last assertion we consider the function f(x) = 1—145 . O

Theorem 2.5. Suppose that the couple (G,C) is CS. Then for every complex Banach space X, the couple
(G,X) is CS.

Proof. Let f: G — X be a function satisfying (22) for all z,y € G and some § > 0. Let ¢ € X* where X*
denotes the dual space of X. Then the function ¢of : G — C satisfies the inequality (22). Indeed,

gof (z%y) + ¢of (a?y~1) = 2¢0f (xy) — 2¢0f (xy~") — 12¢0f (x)| < [|¢]é.
Since the couple (G, C) is CS, by Lemma 24, there exists a cubic function g4 : G — C such that

1
|dof(z) = go()| < L7 lI]0. (2.9)

From Lemma 23, the limit
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exists for all z € G. Replacing = by 2" in (Z9), we get

pof (27') — g5 (+2") ] < Ligls

But gy is cubic. Hence

Therefore

Moreover we have
10) (h (:CQy) +h (:L‘Qy_l) — 2h(xy) — 2h (:ry_l) - 12h(x))
= g6 (2%y) + g6 (z%y7") — 294 (2y) — 294 (zy~") — 12g4(2) =0,

because gy is cubic. So h is a cubic mapping. By Lemma P23, we obtain that (G, X) is CS, and this completes
the proof of the theorem. O

Definition 2.6. We say that a mapping f : G — X is a quasi-cubic mapping if there exists a nonnegative
number ¢ such that

<9,

Hf (29) + f (2™) — 2f(ay) — 2f (oY) — 12f(x)

for all z,y € G. It is clear that the set of all quasi-cubic mappings from G into X is a real linear space
relative to the ordinary operations. We denote it by KC(G, X). The subspace of KC(G, X) consisting of
all cubic mappings will be denoted by C(G, X).

Definition 2.7. The mapping f : G — X is said to be a pseudo-cubic mapping if it is a quasi-cubic mapping
satisfying

fa") =n’f(z),

for any x € G and any n € N. We denote the space of all pseudo-cubic mappings from G into X by
PC(G, X).

The space of all bounded mappings f : G — X will be denoted by B(G, X).
Remark 2.8. The spaces PC(G,R) and C(G,R) will be denoted by PC(G) and C(G), respectively.
We recall that if n is an integer then a group G is said to be an n-Abelian group if
(ab)" = a"b",
for every a,b € G.
Lemma 2.9. Let f € KC(G,X). Then for any k,m € N, there exists ., > 0 such that for each x € G, the

following relation

angkf (+™) = 1) < 2bm, (2.10)

holds, where b, = #5,71.
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Proof. Let f satisfies the inequality (22) for all z,y € G and some 6 > 0. Let z € G. Substituting y = e in
the relation (E72), we get

Hf (%) = 8f(x)|| < %5. (2.11)

Replacing y = z in (22), we see that

Hf (z) — 2f (2*) — 11f(z) — 2f(e)|| < 6. (2.12)
Replacing z = y = e in (E22), we obtain
17 < 146 (213)
So
15
Hf (z) —27f(2)|| < 0. (2.14)

We claim that for any integer m > 1, there exists d,, > 0 such that for each x € G

Hﬂﬂw—m%w>

< b (2.15)

If we put 01 = 6, 6o = %5 and 03 = 1—75(5, then for m < 3, the assertion is easily verified. We prove the

assertion for m > 4 by induction on m. Let m > 4 and suppose that (2-I3) has been already verified for m.
We prove it for m + 1. Putting y = 2™~ in (232), we get

Hf (™) + f (2%7™) = 2f (2™) = 2f (2*7™) — 12f(2)|| < . (2.16)
Replacing = = e in (22), we obtain
10+ 77y 12500 <6
for all y € G. So by (ZI3), we get
Hf(y) +f (") ‘ < 1—735, (2.17)

for all y € G. Putting y = 2™ 3 and y = ™2 in the last inequality respectively, we get

13
FEm )+ f (@) | < 75, (2.18)
m—2 2—m 13
FEm )+ f @) < 0. (2.19)
Moreover from the induction hypothesis we obtain the following relations
Hf (@) = (m=3)*f(2)|| < m—3, (2.20)
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Hf(W) — (m—21(2)|| < (2.21)

H2f (™) —2m3 f(z)|| < 20, (2.22)

It follows from the relations (218), (218), (204), (2220), (2220) and (2=22) that

4
Hf (J:m+1) —(m+13f(2)| < 765 + Om—3 + 20m—2 + 20.,.

Letting

4
mar = 0+ Gy + 2o + 2o,

we get (EZ13).
Now we prove (2Z10). The proof is by induction on k. If £k = 1, then the assertion is clearly true by (E13).
Let k£ > 1. From (E13), we have

]' m
|t ) = 1) < b (223)
Replacing = by ™ in the last inequality, we obtain
1 m2 m
ngf (x )—f(x )M < b (2.24)
Hence we have
1 ./, 1, 1
Hmﬁf (fv ) — g @) < b, (2.25)
So we get
1 m2 1
Letting = 2™ in the last inequality, we obtain
1 m3 m 1
Hmﬁf(x )—f(:c )Hgbm <1+ms). (2.27)
Hence
1,/ 3 11
ngf(a: )—f(:c) < by <1+mg+mﬁ>. (2.28)

Continuing in this manner, we get the following inequality

|t () = 5

11 1
<bm(1+3+6+---+)<2bm.
m m

This completes the proof of the theorem. O
Lemma 2.10. If f € PC(G, X), then
1. fe) =0,
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2. f(z™™™) = —nf(x) for any v € G and any n € N,
3. if y € G is an element of finite order then f(y) =0,
4. if f is a bounded function on G then f =0.

Proof. 1. f(e) = f(e") = n3f(e) for any n € N. Hence f(e) = 0.
2. Tt follows from (PZI7) that

b yesn)] < 2
or

”f(x) +f (=7 5,

_ 1
- 7k3

for any x € G and any k € N. So

fl@)+ fla™h) =0,

for any x € GG. Therefore we have

f @) ==f@") = -n’f(a),

for any n € N and any = € G.
3. There exists n € N such that 3™ = e. So we get —n3f(y) = 0. Hence f(y) = 0.

4. Let y € G. We have ||f (y") || < ¢ for some ¢ > 0 and any n € N. Hence ||f(y)|| < -5 for any n € N.
Taking the limit as n — oo, we get f(y) = 0. This completes the proof of the lemma.

O

Lemma 2.11. Let f € KC(G,X). Then the sequence (ﬁf (xmk>>k 1s a Cauchy sequence for any x € G
and any m € N.

Proof. Let x € G and n,m,k € N. It follows from Lemma P29 that

]. n+k n
ngkf(a:m )—f(xm)‘g%m.
So
]. n+k 1 n ].
Hmfﬂ(n—‘rk)f (xm > - mgnf (xm ) ‘ S mgnQbm
From the last inequality, we conclude that the sequence (ﬁ f (xmk))k is a Cauchy sequence. Ul

Definition 2.12. From Lemma T, we conclude that the sequence ( ﬁ f (wmk) ) i has a limit. We denote
it by fm(x). Therefore

fm(x) := lim %f (xmk) .

k—oo m

Lemma 2.13. Let f € KC(G,X). Then for any x € G and any n,m € N, we have

Im (mmn) = mgnfm(a;).
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Proof. We have

m"™ : 1 mnTk n o 1: 1 mntk n
(@) = Jim et () = fim g (2) = o),

for any x € G and any n,m € N. O
Lemma 2.14. Let f € KC(G,X). Then fn, € KC(G,X) for all m € N.

Proof. Fix m € N. Let f: G — X satisfies the inequality (22) for all z,y € G and some 6 > 0. It follows
from Lemma 29 that for each z € ¢

[ fm () = f(2)]| < 20m.

Hence
Hfm (29) + fon (2271) = 2fon(ay) — 2 (97 1) — 124 ()| < Hfm () — f (%) H
" Hfm () — 7 (2 |+ 2Hfm(fcy) - f(:cy)H T szm (ey™) — f (o) \
" 12Hfm<x> ~f@) + Hf (¢29) + F (a2Y) — 27 (oy) — 2/ (o) — 12/(2)
< 36b,,, + 0.
So fm € KC(G, X). 0

Lemma 2.15. Let f € KC(G,X). Then for any positive integer m > 2, we have fo = fn,.
Proof. Consider the function ¢ defined by

¢(z) = lim ﬁfg (xmk> :

k—o0

Note that ¢ € KC (G, X). Let z € G. From Lemma P13, we conclude that

6 (am") = m*o(), ¢ (a?) = 8 6(a), (2:29)
for any k£ € N. It follows from Lemma P79 that there exists ¢ > 0 such that
1f2(z) — o(2)|| < c. (2.30)

Replacing z by 22" in (2330), we get

So

for any k € N. Hence
o(x) = fa(z). (2.31)
Moreover

[fm(2) = o@)|| < |fm(z) = f(@)]| + 1f(2) = fa(@) || + [ f2(2) — d(2)]-
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Hence
[fm(2) — ¢(@)|| < d, (2.32)
for some d > 0. Therefore similar to the proof of the relation (2231), we obtain
¢(x) = fm(2). (2.33)
This completes the proof of the lemma. O

Definition 2.16. We denote the function ¢ introduced in Lemma PT3 by f So for any f € KC(G, X) the
function f is defined as

f(@) = lim ikf (ﬂ:Zk) (2.34)

k—o0 8
Corollary 2.17. f(z") = n3f(x), for any x € G and any n € N.
Proof. Let 2 € G and 2 <n € N. Then f (z") = fn (") = n3f,,(z) = n® f(x). O
Theorem 2.18. KC(G,X) = PC(G,X)® B(G,X).
Proof. 1t is easy to see that PC(G, X) and B(G, X) are subspaces of KC(G, X). Let us show that

PC(G,X)()B(G,X) = {0}.
Let z € G and n € N. If
f € PC(G,X)(B(G, X),
then for some c¢f > 0 we have || f (z") || < ¢f. Therefore
n?| f(@)] < e,

or

1
1)) < =5ep.

Hence f(z) = 0. Let f be an arbitrary element from KC(G, X), then from Corollary 2214, we conclude that
fePC(GX).
Moreover
f(z) = fo(x).
Therefore we have
1f () = f(@)]l = [/ () = fa ().
It follows from Lemma P9 that

f—feB(GX).
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Theorem 2.19. The cubic functional equation (E) is stable for the pair (G, X) if and only if PC(G, X) =
C(G, X).

Proof. Tt is clear that C'(G, X) is a subspace of PC(G, X). If cubic functional equation (2) is stable for
the pair (G, X), then

PC(G,X)=0C(G,X),
because if there exists
f € PC(GaX) - C(GvX)a

then from the assumption we conclude that there exists g € C'(G, X) such that for some nonnegative number
0 we have

1f () = g(@)]| <6,

for any x € G. So

1

@)~ )| = 55

@)~ g (=) H < b

for any x € G and any n € N. Hence f = g. Thus we come to a contradiction with the assumption about f.
Conversely if PC(G,X) = C(G,X) and f € KC(G, X) then from Theorem PZIR, we conclude that f = g+h
where g € C(G,X) and h € B(G, X). So

f—g¢€ B(G,X).
O

Theorem 2.20. Let X, Y be Banach spaces over reals. Then the cubic functional equation (2) is stable
for the pair (G, X) if and only if it is stable for the pair (G,Y).

Proof. We prove that the cubic functional equation () is stable for the pair (G, X) if and only if it is
stable for the pair (G,R) where X is a Banach space and R is the set of reals.

Let the cubic functional equation (EI) be stable for the pair (G, X). Suppose that it is not stable for the
pair (G,R). Then there is a function f such that

f € PC(G,R) — C(G,R).

So for some § > 0, we have
F@Py) + f (27" = 2f (wy) — 2f (wy ") — 12f(2)| <6,

for each z,y € G. Choose e € X such that |le|| = 1. Let g : G — X be a mapping defined by the formula
g9(x) := f(z)e.
It is easy to see that
g€ PC(G,X)—-C(G,X).

So we obtain a contradiction.
Now suppose that the cubic functional equation (1) is stable for the pair (G,R). So

PC(G,R) = C(G,R).
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Let there exists a mapping f : G — X such that
fePCG,X)-C(G,X).
So there are x,y € G, such that
Fa%y) + f(a®y™h) = 2f(wy) — 2f (wy™") — 12f(2) # 0.
Therefore by Hahn-Banach Theorem, we conclude that there is ¢ € X* such that
¢ (f («%y) + [ (a®y™h) = 2f(wy) = 2f (wy™") — 12f(2)) # 0.

We prove that ¢pof € PC(G,R) — C(G,R).
Indeed, if § is a nonnegative number such that for any z,y € G, the inequality

|2+ 1 @)~ 2rte) — 28 (o) = 1200 <
holds, then
pof (2%y) + ¢of (v*y™") — 2¢0f (xy) — 2¢0f (vy™*) — 12¢0f (z)| < &||4]|-
It is evident that
gof (z") = n’pof(x),
for any 2 € G and any n € N. So
pof € PC(G,R) — C(G,R).
This contradiction completes the proof of the theorem. O

Due to the last theorem we may simply say that the cubic functional equation (EZI) is stable or not
stable on a group G.

Definition 2.21. We shall say that an element x of a group G is periodic if there are m,n € N such that
m # n and " = x™. The group G is said to be periodic if every element of G is periodic.

Corollary 2.22. The cubic functional equation (E) is stable on any periodic group.

Proof. Let f € PC(G,X) and x € G. Then there are m,n € N such that m # n and f (2™) = f (z™). So
m? f(z) = n®f(x). Hence (m® —n?) f(z) =0, and thus f(z) = 0. O

Now we present our main result.

Theorem 2.23. Let n € N and G be an n-Abelian group. Then the cubic functional equation (2) is stable
on group G.

Proof. We show that

Let f € PC(G) and § > 0 be such that for any =,y € G, the inequality

F@Py) + f(2Py™h) = 2f (wy) — 2f (wy™") — 12f(2)| <6, (2.35)
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holds. Let a, b be arbitrary elements of G. We show that
f(a®b) + f (a®b1) —2f(ab) — 2f (ab™") — 12f(a) = 0.
We have
(ab)™ = a™b".
So for any m € N, we have
(ab)™" =a™" ", (2.36)

We prove this by induction on m. If m = 1, the above relation is true.
Suppose that (2238), is true for m. Then we have

m—+41

(ab)"wrl = ((ab)nm)n = (a”mb"m)n ="y

So for any m € N, we get
n?’m‘f (a®b) + f (a®b71) — 2f(ab) — 2f (ab™!) — 12f(a)

_ ‘f (@6 ) 1 (@) 7)) = 2f (@) =2 (" (7)) = 12f (a") ‘ <5

Hence
1
' F () + f (a271) — 2f(ab) — 21 (ab™") ~ 121 ()| < 4,
for any m € N. Therefore, we have f € C(G) and this completes the proof of the theorem. O

It is well known that every Abelian group is an n-Abelian group for any n € N. Thus we get another
version of Lemma P2 as a result.

Corollary 2.24. The cubic functional equation (EZ) is stable on any Abelian group.
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