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Abstract

In this paper we have established the existence and uniqueness of solution for a class of impulsive fractional
integro-differential equation with nonlocal jump type integral boundary conditions. The results of the paper
are obtained by applying the Banach and Krasnoselkii’s fixed point theorems. At last an application is given
to verify our results.
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1. Introduction

Recently it has been shown that some physical and biological systems can be modeled more accurately
using some fractional derivatives. The non integer type models have emerged as a popular field of research
due to its extensive development and applications in several disciplines such as physics, mechanics, chemistry,
engineering, etc. For more details we refer the book of A. A. Kilbas et al. [10], and paper of R. P. Agarwal
et al. [I] and references therein.

Integral type nonlocal boundary conditions can be seen in models of a variety of science and engineering
disciplines. For examples: heat conduction, chemical engineering, thermo-elasticity, and plasma physics.
For details we cite the papers [1, 2], B, 5l 6, 15 16, 22], 23]. Impulsive fractional differential equations play
an important role in realistic description of observed evolution phenomena of several physical problems. For
examples: Fluctuations of pendulum system in the case of external impulsive effects, percussive model of a
clock mechanism, and dynamic of a system with automatic regulation e.t.c. For more details we refer the
papers [3| [4, 51 ©, [7, 9L 11], 12, 21].
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The jump conditions are very universal and include many conditions as special cases. Such type of
conditions are mostly seen in engineering and many of the physical systems such as population dynamics,
blood flow models, chemical engineering, biology and cellular systems etc. Due to their significance many
author’s have been established the results for solvability of the problems with such type of conditions. For
more details we refers the reader to [14} [17].

In [20] Y. Wang et al. study integral boundary value problem involving Caputo differentiation of order

€ (1,2). By using some fixed point theorems we prove the existence of positive solutions.

Diu(t) = f(t,u(t)), t € (0,1),
au(0) — Bu(1) = [y h(t)u(t)dt, yu'(0) = 8u'(1) = [y g
where «, 3, v, 9§, are constants with a > g >0, v > 6 > 0.

In [8] Xi Fu et al. concerned the following fractional separated boundary value problem with fractional
impulsive conditions:

(1.1)

D (t) = f(t,z(t)) t € [0,T], t #tg, k=1,2,...,m, a € (1,2),
Ax(ty) = In(x(ty)), ACDYx(ty)) = Ii*(2(t,)), k=1,2,...,m, v € (0,1), (1.2)
a12(0) + b1(°D7x(0)) = c1, agz(T) + ba(°DVx(T)) = co,

where a;,b;,¢;,€ R, i = 1,2, with a; # 0 and aT'T(2 — v) # —be. By using the Schaefer, Banach, and
Nonlinear alternative of Leray-Schauder theorems, author’s obtained the existence results.

In [I8] C. Thaiprayoon et al. established the existence of extremal solutions for the periodic boundary
value problems for second-order impulsive integro-differential equations with integral type jump conditions.
Subsequently, In [19] C. Thaiprayoon et al. study the following impulsive fractional boundary-value problems
with fractional integral jump conditions:

D(t) = f(t,u(t)), 0 <a <1, tel0,T],
Au(ty) = Jk(z (i TPt )) k=1,2,...,m, (1.3)
au(0) + bu(T') = ¢,

by using a variety of fixed-point theorems, author’s proved some new existence and uniqueness results.

Motivated by the above defined works, we investigate the existence and uniqueness of solution for the
following class of fractional impulsive integro-differential equations with integral boundary conditions:

DYu(t) = f(t,u(t)) —|—/Otg(t— $)p(s,u(s))ds, t € [0,T), (1.4)

Au(ty) = Sy (i%ﬁ“ (t; )), k=1,2,...,m, (1.5)

A(CD%u(ty)) Jk<deJIB’” (t; )) 0O<q<l, k=1,2,...,m, (1.6)
P

u(0) + h(u) = /0 " g1 (u(s))ds, DTu(0) + DIu(T) = /0 " aaluls))ds, (1.7)

where ¢D?, is the Caputo’s derivative of order a € (1,2). The functions f: [0,7]x X - X, g: X —- X, p:
[0,7] x X — X and q1,¢2 : X — X are given continuous functions. The impulsive conditions for 0 = ¢y <
t1 <o <t < tmy1 =T, Sk, Jp € C(X,X), are continuous and bounded functions, ¢y j, dy ; are positive

constants, If "7 is the Riemann-Liouville fractional integral operator of order fj; > 0 for j = 1,2,...,k
and k = 1,2,...,m. The notations are defined as Au(ty) = u(t;) — u(t;,) and A(°Du(ty)) = (“Diu(t;))) —
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(°DYu(t;))), u(t}) and u(t;) represents the right and left-hand limits of u(t) at t = #; respectively with
u(t;) = u(t;).

In this paper we establish the existence and uniqueness results for nonlinear fractional integro-differential
equations subject to integral type boundary conditions with jump impulsive conditions by using some fixed
point theorems. Our aim is to deal jump integral conditions ., these conditions means that a
sudden change of values of u(t) and its derivative at impulsive pomts t. depend on the area under the curves
of u(ty) and “D%u(ty). It should be notice that the impulsive effect of the system (1.4)—(L.7) has memory of
the past states. The rest of the work is structured as follows: In Section 2, we present some basic definitions
and defined the required space. In Section 3, we discuss the existence and uniqueness results for solutions
of the system 7, by using the Banach and Krasnoselkii’s fixed point theorems.

2. Preliminaries

Let (X, ] - |lx) be a complex Banach space of functions with the norm ||y||x = sup {|y(t)| : y € X}.
tel0, T
The space LP([0,T],X) stand for the Banach space of all Lebesgue measurable functions Q : [0,7] — X
with [[Q| e 0,77y < 0. To treat the impulsive conditions, we define the following spaces

PC, = PC([0,8] : X), 0< t < T,

be a Banach space of all such functions y : [0,7] — X, which are continuous every where except for a finite
number of points t;, ¢ = 1,2,...,m, at which y(t;") and y(¢;) exists with y(¢;) = y(t;) and endowed with
the norm

lyllpc, = sup {lly(t)llx,y € PC:}.
te[0,T

Further, we define the space
PC} = PCY([0,t]: X), 0<t<T,

be a Banach space of all such functions y : [0,7] — X, which are continuously differentiable every where
except for a finite number of points ¢;, i = 1,2,...,m, at which ¢/(]") and ¢/(¢; ) exists with y/(t;) = /' (;)
and endowed with the norm

1Yllpcr = sup {lly®)llpc.. ¥ @)llpc,.y € PC:}.
t€[0,T]

Rest of the notations used in the paper have their usual meanings if not specified.

Definition 2.1 ([7]). The fractional integral of order o with lower limit zero for a function f : [0,00) = R
is defined as

t — s a—1
I f(t) = /0 (tr(a))f(s)ds, t>0, a>0, (2.1)

provided the right side is point-wise defined on [0, 00), where I" is the gamma function.

Definition 2.2 ([7]). The Riemann-Liouville derivative of order av with the lower limit zero for a function
f:[0,00) = R can be written as

LDtaf(t) = 1“(711—04)<5t>n/0 (t—s)" " 1f(s)ds, t >0, n—1<a<n. (2.2)

Definition 2.3 ([7]). The Caputo’s derivative of order « for a function f : [0,00) — R can be written as

CD,?‘f(t):LDO‘[ Z f(k }t>0,n—1<a<n. (2.3)
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Remark 2.4 ([7]). If f(t) € C™[0,00), for order n — 1 < a < n then

c o _ 1 ! f(n)(s) _ n—a g(n)
DEf(t) = r(n—a)/o s = ), 1> 0 (24)

The Caputo derivative of constant is equal to zero.

Lemma 2.5 ([2I]). Let a > 0, then the differential equation
°Dh(t) =0, (2.5)

has solutions h(t) = co + cit + cot? + -+ + cp_1t" "1 and IDh(t) = h(t) + co + c1t + cot® + -+ + 1"}
where ¢; € R,i=0,1,...,n—1, n=[a] + 1.

To investigate the system (1.4)—(1.7), we first consider the associated linear problem and obtain its
solution with the help of lemma and adopted the methodology of M. Feckan [7].

Lemma 2.6. Suppose that a € (1,2) and the function o : [0,T] — X be continuously differentiable. A
function u(t) is a solution of the fractional integral equation:

fot (t—Fsi):)_la(s)ds — h(u) —i—fOT q1(u(s))ds + [ — q 0
—LG=0 R o (s)ds — z}j:l te=a, <]§:jldi,jlfi’fu(t;))} t, telo,t),
u(t) = f(f (t}i):)‘la(s)ds + Zi:lSi(Zz:Cz‘,iji'ju(i-_)> — h(u) + fOT q1(u(s))ds 26)
+[FT(’2;2) foT‘D(u( ))d T1 7 fo i So)éa qt; 1(f(s)ds
_ Zi":l L2y, (Jildi,jlf“u(t;)ﬂ t
+§:1(t - ti)rt(ﬁif) Ji (jédi,jffi’ju(tj_)>, t € (th treil.

if and only if u(t) is a solution of the following boundary value problem
cD(t) =0o(t), l<a<2,te|0,T],

k .
Au(ty) = S ( Z Ck,jffk”u(t]))7

(2.7)
A(“D%u(ty,)) = Jk(zdk,ﬂﬁ“ (), 0<g<1,
u(0) fo @1 (u(s))ds, Du(0)+ Du(T) = fOT q2(u(s))ds
Proof. For t € [0,%1), let u(t) be the solution of (2.7]), we have
t t_ a—1
u(t) = /0 (F(Z)[)J(s)ds —co — c1t. (2.8)
Using the boundary condition «(0) fo q1(u(s))ds, we compute ¢y and put it into (2.8), we get
t (t _ S)a—l T
u(t)= | ~——=——~——oc(s)ds — h(u) + q1(u(s))ds — ct. (2.9)
0 ING) 0

For t € (t1,t2], we may write the solution



V. Gupta, J. Dabas, Func. Anal.-TMA 1 (2015), 5668 60

t —s a—1
u(t) = /0 (tr(a))a(s)ds — c9 — cst, (2.10)

1 .
by apply impulsive condition Au(t;) = S; (ZCLJ'IE 1’%L()fj_)), we compute the value of constant co and
=1
insert it into ([2.10)), we incur
1

! (t B 5)a_1 B1,5
u(t) :/0 wa(s)ds—i—Sl(;cl]I u(t; )) Fes(ty —t)

T
— h(u) + /0 q1(u(s))ds — city, (2.11)

Using impulsive condition A(D%u(t;)) = J1<Zd17jlﬁl Tu(t; )) we compute c3 and insert it into (2.11)), we

re-q , (Zdl,]fﬂ“ )(t —t1) — et (2.12)

Similarly for ¢ € (tx, tx+1], we may write the solution as,

u(t):/t WU(S)dS—i-i&(ZCZ T )) — h(u) — et
0 ['(a) P iz d gl
k B i T
+ Z(t — ti)in (Zd”[f”u(tj_)> —i—/o q1(u(s))ds. (2.13)
i=1 ' j=1

Use the boundary condition D%u(0)+ D%u(T') = f(;f g2(u(s))ds in (2.13)), we obtain the required value of the

constant ¢y as
o T T — s a—q—1
= r2—-q) { —/0 q2(u(s))ds —i—/o (T—)U(s)ds

T (e —q)
T Z T2 qq il—qq) Ji (zgdi,jffl’JU(t}))}- (2.14)
]:

Conversely, we assume that u satisfies the impulsive fractional integral equation (2.6 then by direct com-
putation it can be seen that the solution given by ([2.6)) satisfies (2.7). This completes the proof of the
lemma. O

3. Main results

Definition 3.1. The function u : [0,7] — X such that « € PC}([0,T] : X) is said to be the solution of the
system ([1.4)—(1.7)) iff it satisfied the following integral equation
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f(f ('5—1;‘2):)71 (f(s,u(s) + [y 9(s = 7)p(T,u(r ))dT)ds — +f(;[q1 (u(s))ds
[ S (S aa(u(s)ds - T%( +fo s = 7)p(r, u(7))dr)ds)
- 3 g (S dr ) tefo.h).
i=1 j=1
u(t) = § o S f (s, uls)) + fi gls — mp(ru(r))dr)ds + zls(zc,jﬂu (i)
J
u)—i—fqu1( ))ds—i—t[qu(fO qa(u(s) fo%
—q Bij, (4—
(f(s,u(s)) + Jy 9(s = T)p(r, u(r))dr)ds) —; f‘;ﬁ_q Ji(;di,jzt u(t))]
+z<t—tz> (Zd,ﬂﬁ” (t5)); tE (teten).

(3.1)
We introduce the following assumptions to establish our first result:
(H1) There exists a function Lq(t) € L%([O,T] : X) with p € (0, — 1) such that
1f(tu) = £t 2)[[x < La()]Ju — l|x,
for each t € [0,7] and z,u € X.

(H2) There exists positive constants Ly, Ls, Lg, L7 and Lg such that

lq1(u) — q1(2)[|x < Lallu — z|x,
la2(v) — @2(2)l|x < Lsllu — z|x,
[Sk(z) — Sk(Y)llx < Lellz — yllx,
[Jk(2) = (W)llx < Lllz —ylx,
[h(u) = h(z)||x < Lsllu - z|x,

(H3) The function p : X — X is continuous and there exists a function Lo(t) € L'([0,T] : X) such that
[p(t,u) — p(t, 2)[|x < Lo(t)[lu — z||x,
for each t € [0,T] and z,u € X.
Our first result is based on Banach contraction theorem.

Theorem 3.2. Suppose that the assumptions (Hy) — (Hs) holds and the following inequality satisfied

Bi.j

L*TP /1 — p\1—p cijt
A = [ ( ) Ls+ LuT +T(2 — VLT 4 mLg S —2
(o) o p + Lg + L4T 4+ T( q)Ls +m GZF(ﬁz,g-i-l)

_ i Bi,j
L*T PF(Z—q)( 1—p >1—P ~ dijt;

S+ 2mTIT(2 — )Ly 7J} <1,

I'(a—q) a—q—p @=9) ;F(ﬁm 1)

where L* = (fo (L1(s)+ Lo(T )G*)%ds)p7 G* = ts[l(l]pT] fgg(t—s)ds. Then the system (1.4)—(1.7) has a unique
S )
solution.
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Proof. We transform the problem (|1.4))—(1.7)) into a fixed point problem. Consider an operator N : PCy; —

PCY, defined by

(i 5 >) (f(s, +f0 s — 1)p(r, u(r))dr)ds — h(u)
—i—fo ¢ (u s))ds—kt[ <f0 q2(u ds—fo %
(F(s,u(s)) + Jj 9(s = )p T,u(f))df)d )

- e (Sar )|

j=1
fot (tiizj)_l( )+ [y g(s — T)p(r,u(r))dr)ds
(Nu)t = ' 5,
+z21S (;_:cwl I u(t; )) — h(u +f0 q1(u(s))ds
[ (fo (u( fo 27(1;)11

(f(s,u(s)+ [y g(s —T)p (T))dT)dS)
£t o)
(S

\

To show that N has fixed point on [0, 7], consider uy,us € PC} and for t € (tg, tx+1], we have

[(Nu1) = (Nug)|[x

(t— )
< [ (156106 - 6wl

+ /0 gs — lIp(r s (7)) — plr,ua(r) | )ds + [au) — hus) | x

+Z||S (Zc” g (t ) (Zc” Tug(t >||X

T1-4

T B T
[ (o)~ s + [FEZD ([ laun(6) - atua) s

(T - s)2—a1
n /0 W(||f<s,ul<s>>—f<s,u2<s>>||x

+ [ als = p(r (7)) ~ plr () xdr)ds)

+Z yulan(ZduIﬁ”ul ) - (Zdwfﬁ”uz )) ]t

+Z it — ) e ]\J(Zdwﬂwul 7) (Zd”IBHUQ

1
o)

7j=1

+||h<u1>—h<u2>|rx+i||si(ZcHﬁ” G >)—Sz(icufﬂ” 2(t5)) lx
i=1 j=

< (/Ot((t— s)o‘—l)l—pds)lf’</0 (L (s)|[ur — usl| + La(r)G* [[ur — U2||)%ds)p

(3.2)
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T . T
[l — s + [FEZD ([ laatun(6) - aatuao) s

t

+ p(cf_q)( / (- s yras) / (L)l — ] + Lo(r)G Jur — usf)7ds)”)
+Z |§5 -4 HJ (Zdﬂ[ﬂ” ) (Zdwfﬁ”w )Hx]\t\

+Z|t—tz 1q|\J(Zd,ﬂﬁ”m ) - (Zdwﬁ”w )l

By taking the considered norm and assumptions (H;) — (Hs), we estimate as

- Bij
L¥Te—p ,1 — p\L1-r Czjt
N — (N < [ ( ) L LiT +T(2 — q)L:-T 14 L S A
|(Nuy) — (Nug)|| pe, < o) \a—p +Lg+ LT +T'(2—q)Ls +m 62{‘(5%] +1)
- i Bi,j
L*T*"T(2 - q) ( 1—p )1— ity
+ 2mTT(2 L 7]} U1 — u2flpc
I'(a—q) a—q—p 2=a) ZF(ﬁz’,frl) H Ire:

< Alluy — uzl| pc, -

Hence the operator N is a contraction map and has a fixed point ©u € PC;. In a consequence of Banach

fixed point theorem the system (1.4 . has a unique solution on the interval [0, 7]. This completes the
proof of the theorem. O

Second result of the paper based on Krasnoselkii’s fixed point theorem [21]. For this, we introduce the
following additional assumptions:

(Hy) There exists ¢ € (0, — 1) and real functions M (t), Ma(t) € L%([O,T] : X) such that

1t u)llx < Mu(2),

p(t,u)|lx < Ma(t),

for all u € X.
(Hs) If h,q1,q2, Sk, Ji. are continuous bounded functions and there exist positive constants Ms, My, Ms, Mg, M7
s.t.
[h(u)]lx < Ms,
g1 (u)llx < My,
lq2(u)|x < Ms,
[Sk(y)llx < Ms,
17k(y) |l x < M,

for all u,y € X.
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Theorem 3.3. Let f be any continuous function. Assume that (Hy), (Hs), (Hy) and (Hs) holds with the
condition o < 1, where

L*To ( 1- p>1—p L*T*PT(2 — q) ( 1-p )1—p
0= .
Ila) \a—p I'(a—q) a—q—p
Then the problem (L.4)—(1.7) has at least one solution on [0,T).

Proof. Let

r > mMg + Mz + MyT + T 'T(2 — q) M5 + 2I'(2 — ¢)mT9M;
M*Te—s (1 — g)l—c M*T*=T(2 — q) ( 1—g )H
I'(a) I'(a—q) a—q-—s

and M* = (fo (Mi(s) + Ma(T ))%y Consider the space PC] = {u € PCy : ||u||pc, < r}, then PC} is a
bounded, closed convex subset in PC}. Define the operators Q, P : PC{ — PCY} as

,ési(ici,j]fi,ju(t;)) — h(u) + fOT q1(u(s))ds

T o T(2— . Bij  (4—
(Qu) = { +t52=2) [Ty, s — 3t tﬁ%gui(gdmft u(ty)) (3.4)

_ i B, —
+zu_ti)zs%_zwi(waﬂt i)
i=1 J=1

(3.3)
a—q

(3.5)

(Pu) = Jo e (f s @)+L §—T)p ()Mﬂ@
= Fr_,(~21 ;1) fT (T s) —q- +f0 o Pl u(r))dr)ds.

The proof of the theorem |3.3] - for te (tk, tk+1] compile in the following steps:
Step 1. We show that Qu + Pv € PC}. Let u,v € PCY}, we have

T —
ORSQIEE Z |S: (Z%I‘*” D)+ Ikl -+ [ los(uts)lcds + PR Chl
! Al i,
/ qu HXdS + Z |t ‘1 q (Zdz ]I >||X
+Z‘t_t ’ \t\l q HJ(ZdJIﬁ” >”X

t(t_s)a_l ’ —7)p(T,v(T))dT s
N /0 s vto + /O g(s — )p(r,v(r))dr) | xd

T _ \a—qg—1 s
[ ot + [ als = rptro(r)an)Lxds

a—q)
By using the assumptions (Hy) — (Hs), we get

1Q(w) + P()||pc, < [mM6 My + MyT + T9FT(2 — )M + 20(2 — q)mTM;

M*Te=S ;1 —g\1=s  M*To<[(2—¢q); 1—¢ \l-s
+ (=) + ( ) Jsr
Fla) \a—g I'(a—q) a—q—¢

Since ||Qu+ Pv| pc, < r, we have Qu + Pv € PC} which shows that PC} is closed with respect to both the
operators.
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Step 2. Let u, — u be any convergent sequence in PC}, we have

k 7
1Q(un) = Q)llx < SIS (D i 1/ un(t5)) (chﬂ 7)) lx + IA(un) = Alu) | x
i=1 j=1

T T
[ ) = o) s + 1= AChal) /0 la2un(s)) — qa(u(s)) | xds

T1-4q
+;W||Ji(2di,j1tﬁwun( ) (Zdwlﬁw )HX
k
e ”'FI(tll ‘ HJ(Zd”IB”“" _> (Zd,ﬂﬂu )HX (3.6)
i=1

Since the functions h, q1, g2, I, Jx, k = 1,2,...,m, are continuous, hence from (3.6)), we may conclude that
[(Qun) — (Qu)||pcy — 0 which implies that the mapping @ is continuous on PCy.
Step 3. To show that @ is uniformly bounded, let v € PCY, we have

T
QM ux<Zus (Zcmﬂ“ D)l Il + [ lantuls) s
T / Hq2<u<s>>uxds+2WuJi(Zdi,ij@ju(t;))ux

k
F2 e ,t = Dy (Zduﬁw () lx-

1=
Combining the assumptions (Hy) — (Hs), we estimate as

Q)| pc, < mMg + Mz + MyT + THT(2 — q) M5 + 2T'(2 — q)mM;TY.

Hence the mapping () is uniformly bounded in PCY.
Step 4. Let l1,lo € [0,T], tp <li <lo <tgy1, k=1,2,...,m, u € PC}], we have

Q) - Q) < 12~ ) e [ o des+Z T

16 (3 dig I ut5) ) 1 + Z i |112q I7: (Zd ()
j=1

As Iy — Iy, we may conclude that [|Q(u)(l2) — Q(u)(l1)|[pcr — 0. Which show that @, is equi-continuous
mapping in (¢, tx+1]. Combing Step 2 to Step 4 together with the Arzela-Ascoli’s theorem (taken from
the paper [2I] theorem 2.12, p.p—3012), we conclude that the operator ) is a compact map on PCj.

Step 5. Let u,u* € PC{, t € [0,T], k=1,2,...,m, we have

t — s a—1
1P~ Pl < [ 5 (15, s)  flova 6Dl

+ [ ats = r)lru(r)) = ptrat (7))L ) s

T _Saqul
2D [T E I (1G5, 9)x

+ /0 gls - Dlp(r.u(r)) - p(ru* (7)) xdr ) ds.
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Using (H;) and (Hs), we estimate as

[P(u) — P(u*)|lpc, < [L;I(”:)P (; — '[0)) o L*T;(Ofli(i)_ 7 <a i; f p) 7p] |u —u*|| pc,

< ollu = u*| e,

Hence, we have ||(Pu) — (Pu*)||pc, < o|lu — u*||pc, implies that the operator P is a contraction mapping
on PCYJ. Thus all the assumptions of the Krasnoselkii’s fixed point theorem satisfied. Which implies that
the set PC} has a fixed point which is the solution of system — on [0,71]. This completes the proof
of the theorem. O

4. Example

Example 4.1. Consider the following fractional order impulsive integro-differential equation with nonlocal
conditions:

c e(t 5)

( D3/2 ( ) = (22+23‘et)‘(1+|u| t/Bfo | (S)‘d‘sv tE [07 1]) t 75 (1/3)7

Au(1/3) = I (3 o Yglayuls )ds),

ACDY <1/3>> - (f /9 —(t‘ff/‘s?/su(s)ds) 4.1

1 u(s
( )+ Z ciu(t;) fo 20+\u(s s, D2u(0) + DQ“ 0 23|+|(u (s)

where I (u) = %, Ji(u) = % and 0 < t1 < -+ < t, <1, ¢, i = 1,...,n are given positive
constants with )~ ¢; < 1. Furthermore, we have f(t, u(t)) + fo (t — s)p(t,u(s))ds = W +

i=1
fg 6(2;S> |u(s)|ds. Let u,u’ € X then for ¢ € [0, 1], we may verify the assumptions of theorem [3.2| as follows

_ ul Rl
I562) = £0)lx = gy | Ty ~ T il
B lu — |
- (22+23et)H(1+ ) (1 + |vy)HX
1
< m”u —vllx
< gl —vllx
— 45
t te(t—s) 1
| att = 9lpte.uts) = plt.o()lxds = [ S lhuls) = o()llds < zhuts) = o)l
() = a1 (&) < 5w = alx,

lg2(w) = ga ()l x < ollu —xx,

for all u,x € X.

2
11(z) = L()lx < Sllz - ylx,
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3
[71(x) = Ji()llx < zllz —yllx,

for all z,y € X.

- 1
Ih(w) = h(x)|x <D cillu—a|x < gl —zlx, Yu,z e X
=1

Hereq:% a:%,T

— _ 1 _ 3 _ 5 _ 1 _ 1 _ 2 _ 3 _ 1
) =15 1 =3 011—4*77dll—@7L4—%7L5—ﬁyL6—§,L?—g,LS—g~
Obviously, L(t) € L*([0,1], R

)

2 /l-3\1 1 1 11,2 &
A:[45 4) CT T V0 S VT S
r\s -1 R 2)23+3r(%+1)
2 1 1 5
+45F(2_2)( L )1_‘1‘+2r(2—1)349
rG-9 \3-1-1 25T+ 1)
= 0.45757

Since A = 0.45757 < 1. Therefore, by theorem the system (4.1) has a unique solution on [0, 1].
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