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Abstract

In this paper we consider the concept of generalized Geraghty contractive condition for a pair of weakly
increasing self maps in a complete partially ordered partial b-metric space. We study the existence of fixed
points for such a pair of weakly increasing self maps in a complete partially ordered partial b-metric spaces
controlled by generalized Geraghty contractive type condition and obtain some fixed point results of V. La
Rosa et al. [15] in a complete partially ordered partial b-metric spaces as corollaries. Supporting example
is also provided.
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1. Introduction

Fixed point theorems usually start from Banach [[@] contraction principle. But all the generalizations
may not be from this principle. In 1973, Geraghty [I0] introduced an extension of the contraction in which
the contraction constant was replaced by a function having some specified properties. In 1989, Bakhtin
[6] introduced the concept of a b-metric space as a generalization of a metric spaces. In 1993, Czerwik [9]
extended many results related to the b-metric spaces. In 1994, Matthews [[6] introduced the concept of
partial metric space in which the self distance of any point of space may not be zero. In 1996, O’Neill [1]
generalized the concept of partial metric space by admitting negative distances. Moreover, the existence
of several connections between partial metrics and topological aspects of domain theory have been pointed
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by O’Neill [21]. In 2013, Shukla [26] generalized both the concepts of b-metric and partial metric space by
introducing the partial b-metric spaces. Many authors recently studied the existence of fixed points of self
maps in different types of metric spaces [2, B, [, 20, 23, P4, P6]. Xian Zhang [29] proved a common fixed
point theorem for two self maps on a metric space satisfying generalized contractive type conditions. Some
authors studied some fixed point theorems in b-metric spaces [[I4, [7, 23, P4, P6]. After that some authors
started to prove a-1) versions of certain fixed point theorems in different type metric spaces [, [3, P2, 23].

Mustafa [I9] gave a generalization of Banach contraction principle in complete ordered partial b—metrlc
space by introducing a generalized a-1) weakly contractive mapping. Aiman Mukheimer [[7] generalized
the concept of Mustafa [I9] by introducing the a-¢-1 contractive mapping in a complete ordered partial
b-metric space.

In this paper we prove fixed point theorems by using generalized Geraghty contractive condition for a pair
of weakly increasing self maps in a complete partially ordered partial b-metric space. We study the existence
of fixed points for such a pair of weakly increasing self maps in complete partially ordered partial b-metric
spaces controlled by generalized Geraghty contractive type condition and obtain some fixed point results
of V. La Rosa et al. [I5] in complete partially ordered partial b-metric spaces as corollaries. Supporting
example is also provided. Shukla [P6] introduced the notation of a partial b-metric space as follows.

2. Preliminaries
We first offer several basic facts used throughout this paper.

Definition 2.1 (S. Shukla [26]). Let X be a non empty set and let s > 1 be a given real number. A function
p: X x X —[0,00) is called a partial

b-metric if for all z,y, z € X the following conditions are satisfied.

(i) =y if and only if p(z, ) = p(z,y) = p(y,y),

(i) p(z,z) < p(z,y),

(iii) p(z,y) = p(y, z),

(i) pl.y) < 5oz, ) + p(2, 1)} — B2, ).

The pair (X, p) is called a partial b-metric space. The number s > 1 is called a coefficient of (X, p).

Definition 2.2 (E. Karapinar, B. Samet [13]). Let (X, <) be a partially ordered set and f : X — X be a
mapping. We say that f is non decreasing with respect to < if z,y € X, x <y = fx < fy.

Definition 2.3 (E. Karapinar, B. Samet [13]). Let (X, <) be a partially ordered set. A sequence {z,} € X
is said to be non decreasing with respect to < if z,, < xp41, Vn e N.

Definition 2.4 (Z. Mustafa [19]). A triple (X, <,p) is called an ordered partial b-metric space if (X, <) is
a partially ordered set and p is a partial b-metric on X.

Definition 2.5 (M. A. Geraghty [I0]). A self map f: X — X is said to be a Geraghty contraction if there
exists 8 € Q such that d(f(z), f(y)) < B(d(z,y))d(x,y) where Q = {3 :[0,00) — [0,1)/5(tn) — 1 = t,, —

0}.

Definition 2.6 (B. Samet et al. [22]). Suppose (X, <,p) is a partially ordered partial b-metric space and
f:X — X is aself map. Let o : X x X — [0,00). f is said to be a—admissible if forall z,y € X,

alz,y) > 1= a(fz, fy) > 1.

Definition 2.7 (E. Karapinar, B. Samet [3]). An a—admissible map 7" is said to be triangular a—admissible
if a(z,z) > 1 and a(z,y) > 1= az,y) > 1.

Lemma 2.8 (E. Karapinar, B. Samet [I3]). Let T : X — X be triangular o admissible map. Assume that
there exists xt1 € X > a(x1,Tx1) > 1. Define the sequence {xy} by xpi1 = Txp,n = 0,1,2,.... Then we
have a(xy, Tm) > 1 for all m,n € N with n < m.
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Definition 2.9 (I. Beg, A. R. Butt [8]). Let (X, <) be a partially ordered set and S,7 : X — X be such
that S < TSz and Tx < STx,V x € X. Then S and T are said to be weakly increasing mappings.

Definition 2.10 (J. Hassanzadeasl [[1]). Let 7,5 : X — X, and let a : X x X — [0, 00). We say that S,T
are coupled a—admissible if a(z,y) > 1 = a(Sz,Ty) > 1 and o(Tx,Sy) > 1 for all z,y € X.

Definition 2.11 (V. La Rosa et al. [I5]). Let (X, <) is a partially ordered set and suppose that there exists
a partial metric p such that (X, p) is a partial metric space. Let f be a self mapping on X. If there exists
B € Q2 such that p(f(z), f(y)) < B(M(z,y)) M (z,y) for all z,y € X with

M) = max {p(o. ).t fo). ol F0). 510G )+ o F)]

then we say that f is a generalized Geraghty contraction map.

Definition 2.12 (V. La Rosa et al. [IH]). Let (X, <) is a partially ordered set and suppose that there exists
a partial metric p such that (X, p) is a partial metric space. Let a : X x X — [0,00). X is called a—regular
If for every sequence {z,} C X such that a(zp,zny1) > 1V n € NU{0} and =, — z, then there exists a
sub sequence {z,, } of {z,} such that a(z,,,x) >1V keN.

V. La Rosa et al. [15] proved the following theorems.

Theorem 2.13 (V. La Rosa et al. [T5] Theorem 3.5). Let (X, <,p) be a complete partial metric space and
let o : X x X — [0,00) be a function. Let f : X — X be a self mapping. Suppose that there exists 5 € €
such that oz, fx)o(y, fy)p(fz, fy) < B(M(z,y))M(z,y) for all z,y € X, where

M (z,y) = max {p(w, y),p(z, fx), p(y, fy), %[p(x, fy) +p(fz, y)]}-

Assume that

(i) f is a admissible,

(ii) there exists xg € X such that a(xg, fxg) > 1,

(i) for every sequence {xn} in X such that a(xy, frn,) > 1 Vn e NU{0} and {z,} converges to x, then
az, fr) > 1,

(v) a(z, fx) > 1V x € Fiz(f),

then f has a unique fixed point x in X.

Theorem 2.14 (V. La Rosa et al. [I5] Theorem 3.6). Let (X, <,p) be a complete partial metric space and
let a: X x X — [0,00) be a function. Let f: X — X be a self mapping. Suppose that there exists B € §2
such that oz, y)p(fz, fy) < B(M(z,y))M(z,y) for all z,y € X, where

M (z,y) = max {p(:v’ y), p(x, fr),p(y, fy), %[P(x, fy) +p(fr,y)] }

Assume that

(i) f is a admissible,

(1) there exists xg € X such that a(xg, frg) > 1,

(iii) X is a—regular and for every sequence {x,} C X such that

a(Tp,Tpt1) > 1 ¥V n e NU{0}, we have a(xy,, xy,) > 1 for all m,n € N with m < n,
(v) a(z,y) > 1V z,y € Fiz(f),

then f has a unique fized point x € X.

Theorem 2.15 (V. La Rosa et al. [IH] Theorem 4.1). Let (X, <,p) be a complete ordered partial metric
space and let o : X x X — [0,00) be a function. Let f : X — X be a non-decreasing mapping. Suppose that
there exists B € Q such that p(fx, fy) < B(M(x,y))M(x,y) for all x,y € X with x <y, where



V. Perraju, Func. Anal.-TMA 2 (2016), 88-106 91

M (z,y) = max {p(m’ y), p(x, fr),p(y, fy), %[p(:v, fy) +p(y, fz)] }

Assume also that the following conditions hold:

(i) there exists xy € X such that xo < fxo,

(11) X is such that, if a non-decreasing sequence {x,} converges to x, then there exists a sub sequence {xy, }
of {zn} such that x,, <xV k€N,

(iv) z, y are comparable whenever x,y € Fix(f),

then f has a unique fized point x € X.

3. Main results

In this section we extend the study of Theorems 213, 214 and 213 for partially ordered partial b-metric
spaces by using by partial b-metric p of Definition EZl and a pair of weakly increasing self maps controlled
by generalized Geraghty contraction. We begin this section with the following definition:

Definition 3.1. Suppose (X, <) is a partially ordered set and p is a partial b-metric in the sense of Definition
20 with s > 1 as the coefficient of (X, p). Then we say that the triplet (X, <, p) is a partially ordered partial
b-metric space. A partially ordered partial b-metric space (X, <,p) is said to be complete if every Cauchy
sequence in X is convergent in the sense of the Definition Zl. We observe that every ordered partial b-metric
space is a partially ordered partial b-metric space, in the light of the observation made above.

Definition 3.2. Let (X, <) is a partially ordered set and suppose that there exists a partial b-metric p such
that (X, p) is a partial b-metric space with s > 1 be the coefficient. Let f be a self mapping on X. If there
exists B € Q such that sp(f(z), f(y)) < B(M(z,y))M(z,y) for all x,y € X where

M) = ma { o). oo 2000 1), 5ol S0) + ()],

then we say that f is a generalized Geraghty contraction map.
Now we state the following useful lemmas, whose proofs can be found in Sastry et al. [24].

Lemma 3.3. Let (X, <,p) be a p complete partially ordered partial b-metric space with coefficient s > 1.
Let {x,} be a sequence in X such that lim p(xy,,zp+1) = 0. Suppose lim z, =z and lim =z, =y.
n—o0 n—o0 n—00
Then lim p(x,,z) = lim p(x,,y) = p(x,y) and hence x = y.
n—oo n—oo

Lemma 3.4. (i) p(z,y) =0 = x =y;
(i) im p(z,,z) =0 = p(x,z) =0 and hence x, — = as n — 0.
n—oo

Lemma 3.5. Let (X, <,p) be a partially ordered partial b-metric space with coefficient s > 1. Let {x,} be
a sequence in X such that lim p(xy,,zn4+1) = 0.

n—oo
Then
(i) {zn} is a Cauchy sequence = lim p(xp,,z,) = 0;

m,n—00

(17) {xn} is not a Cauchy sequence = 3 € > 0 and sequences {my} , {nx} > mp >ni >k € N;
p(mnk7xmk) > € and p(xnk;mmk—1> <e.

Proof. (i) Suppose {z,} is a Cauchy sequence then lim p(x,,z,) exists and finite.
o

Therefore 0 = lim p(zyn,zp+1) = lm  p(zy,,z,). Therefore lim  p(zy,,z,) = 0.
n—oo m,n—)oo m,n—>oo
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(13) {zn} is not a Cauchy sequence = lim p(zy,,z,) # 0 if it exists
m,n—00

= Je> 0 and for every N € N and for m,n € N; m,n > N 2 p(zp,, x,) > ¢,

nan;op(wn,xn+1) =0=3MeN3p(xy,znt1) <eV¥n>M.
Let N; > M and n; be the smallest such that m > n; and p(z,,,zm,) > € for at least one m. Let my be
the smallest such that my > n; > N; > 1 and p(zn,,Tm,) > € so that p(,,,Tm,—1) < €. Let No > N; and
choose mg > ng > Ny > 23 p(Xpny,Tm,) > € and p(Tpny,Tmy—1) < €.
Continuing this process we can get sequences of positive integers {my} and {nx} such that my > nx > k
and p(@pm, ,Tn,) > €5 P(Tn, ,Tm,—1) < €. O]

Lemma 3.6. Let (X, <,p) be a partially ordered partial b-metric space with coefficient s > 1. Let {x,} be
a sequence in X 3 sp(zn,y) < p(z,y) and {x,} — x as n — oo, then {sp(zn,y)} — p(z,y) as n — co.

Proof. Since sp(zn,y) < p(z,y), then limsup sp(zn,y) < p(z,y). On the other hand

n—oo

p(l‘,y) < Sp($, xn) + Sp($n7y) _p(xnal'n)
< Sp(SU,l‘n) + sp(a:n,y),

= p(z,y) <liminf sp(zy,,y),
n—oo

- limsup sp(zn, y) < p(z,y) < liminf sp(zn, y),
n—oo

n—oo

o lim SP(xnay) :p(x,y).

n—oo

Now we state our first main result:

Theorem 3.7. Let (X,<,p) be a complete partially ordered partial b-metric space with s > 1 and let
a: X x X —[0,00) be a function such that a(x,z) > 1V x € X. Let S,T : X — X be a pair of self maps.
Suppose that there exists 5 € Q such that a(z, Sx)a(y, Ty)sp(Sx, Ty) < B(M (z,y)) M (z,y) for allz,y € X,
where

M (x,y) = max {p(:v, y),p(x, Sz), p(y, Ty), %S[P(fm Ty) + p(Sz,y)] } (3.1)

Assume that

(i) S, T are weakly increasing,

(ii) S, T are coupled a—admissible and a—triangular admissible,

(i) there exists xo € X such that a(xo, Szo) > 1,

(iv) for every sequence {x,} in X such that {x,} converges to x, then a(x,Sz) > 1 and a(z,Tx) > 1,
then S, T have a unique common fized point in X.

Proof. We first prove that any fixed point of S is also a fixed point of T" and conversely. Let x be a fixed
point of S. Then Sz = x. Now

M(x,z) = max {p(l’, x),p(Sz,x),p(Tx, ), %[p(Sm, x) + p(Tx, x)]} =p(Tz,x),
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only if 8 (p(x,Tx)) = 1= p(z,Tx) =0,
p(m’, Tm) =0,
*. by Lemma B34 (i) Tx = x.
Similarly if T = x then Sz = x.
Further we show that if S and T" have a common fixed point then it is unique. Let Tx = Sz = x and
Ty = Sy =y. To show that x = y. Suppose = # y. We have

M(x,y) = max {p(z,y),p(S%ﬂf) p(Ty,y), 1[@(5:C y) +p(Ty, )]} = p(z,y),

~p(z,y) < sp(Sz, Ty)),
< a(z, Sz)a(y, Ty)sp(Sz, Ty)),
< afz, )y, y)sp(z,y)),
< (p( ) (p(x,y)),

||
/-\
“H
\_/

only if 8 (p(z,y)) =1 = p(z,y) =0,

*. by Lemma B3 (i) x = y, a contradiction.

LT =y.
Let xg € X and xop4+1 = Sxop;

Tont2 = Taont1;n=0,1,2,---

For any n suppose T,4+1 = Zn.

Now n = 2m,

= T2m+1 = T2m,

= STop = Tom,

= x, is a fixed point of S.

For n =2m + 1,

= Toam42 = T2m+1,

TTom+1 = Tomi1,

= x, is a fixed point of T'.
*. For any n if x,41 = x,, then z, is a common fixed point of T" and S.
Hence for any n, we suppose that z,41 # x, for all n € N.
Since S and 1" are weakly increasing,

1'1:Sl'oSTSJJ():TIL‘l:l'QSSTIL‘l:S{L‘Q:l‘g-".

o1 <xg <wg <---.Thus {z,} is increasing.

Let 9 € X be such that a(zg, Szg) > 1 by (7). Without loss of generality, we assume that x, # Tn11
for all n € N. By using the a-admissibility of T' , we have a(zg,z1) = a(zg,Sxo) > 1 = a(xi,z2) =
a(Szo,Tx1) > 1. Now, by mathematical induction, it is easy to see that a(x,,zp41) > 1 for all n € N.
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Let n be even and by taking = x,,_; and y = x,, in the inequality (BI0), and
observing that p(z,_1,zy) # 0 by Lemma B3, and a(xp—1,Tzn—1) > 1,a(zy, Sxy) > 1, we get
P(Tn, Tpy1) < sp(Tn, Tpy1)
< a(wp—1, Trp-1)a(n, Stp)sp(Txn—1, STn))
< B(M (n, Tn-1))(M (20, Tn-1)), (3.2)

w‘,i

P\ Tn— lnyn (l'n—laTxn—l) (xn’an) [p(ﬂfn—lasxn) +P($n7T93n—1)]}

1
P(Tp— 17xn (xn—lvxn) (wrwxn—i—l) 95 [ (xn—lvwn-l—l)"i_p(xnvwn)]}

I
=

ax

1
2s
1

P\ Tn— 17-Tn (mnaanrl) 9

[p(linfla xn) + p(:Ena l‘nJrl)} }

I
B

g
g
<m X{p Tn—1,Tn), P(Tns Tnt1), 5= [5P(Tn—1,2n) + 5p(Tn, Tnt1) — p(xmfvn)er(xn,wn)]}
g
g

ax § P\ Tn— 1751;71 (xnvxn-i-l)}‘

It

max{p(Tn—1, Tn), P(Tn, Tnt1)} = P(Tn, Tnt1), (3.3)

for some n € N then from (82) and (B33), we have p(zy,Znt1)) < M(Tp—1,2,) = p(Tn, Tpt1), which is
possible only if B(p(xp, Znt1)) =1 = p(zn, Tn+1) = 0 a contradiction.
Thus, we have M (zy,—1,2,) = max{p(zn_1,2Tn), p(Tn, Tnt+1)} = pP(Tn—1,zy,) Similarly, Let n be odd and by
taking x = z,—1 and y = x, in the inequality (B), and observing that p(z,—1,2,) # 0 by lemma B33, we
get
P(@n, Tnt1) < 8p(Tn, Tnt1)

= sp(Szp_1,Txy))

< a(xp—1,Stp_1)a(xn, Tay)sp(Txp—1,Szy))

< /B(M(J:n—lvxn))(M(J;n—lvxn))v (34)

where

1
M (xp—1,x,) = max < p(rp—_1,Tp), (xn_l,S:L'n_l),p(:L'n,Txn),[p(xn_l,Txn)—i—p(xn,S:Un_l)]}

{ 2s
1
= max P Tp— 17-'En (xnfla$n)7p(xn,xn+1)a %[p(l‘nflaanrl) +p($n,$n)]
1
<m X{P Ty — 17$n (xnvxn+1)7 %[Sp(l’n_l,ﬂ?n) + Sp(xnaxn—i-l) _p(xnaxn) +p(xn7a7n)]}
1
= max p Tn—1, xn (xnv $n+1)7 i[p(xn—lv wn) + p(xna mn—l—l)}

= Inax p Tn— 17$n ($na$n+1)}-
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If

max{p(Tn—1,Tn), P(Tn, Tnt1)} = P(Tn, Tnt1), (3.5)

for some n € N then from (B2) and (B33), we have

p(xn, Tpt1)) < M(xp—1,2n) = p(xn, Tpy1), which is possible only if S(p(n, nt1)) =1 = p(zp, Tns1) =0 a
contradiction.

Therefore, we have M (z,—1, z,) = max{p(xn—1,2n), p(Tn, Tn+1)} = P(Tn, Tny1) is a contradiction.

Thus, we have M (xy,—1,xy,) = max{p(xn_1, Zn), P(Tn, Tnt1)} = p(Tn_1,2,) for all n € N and hence,

P(Tn, Tny1) < P(Trn-1,2n), (3.6)

for all n € N.
Thus it follows that {p(xn,zn+1)} is a non-negative, decreasing sequence of real numbers. Suppose that

lim p(xy,xnt+1) = 7,7 > 0. Now we prove that r = 0. Assume that » > 0. Now by (82), when n is even
n—oo

sp(Tn;s Tnt1)
(p—1,Txn—1)c(xpn, Sxp)sp(Txy—1,Sxy))
B(p(zn-1,7n))(P(Tn-1,Tn))

p(xn—lv xn)ﬂ

p(xn, an+1)

VAN VAN VAR VAN
2

for all even n.
When n is odd

Sp(l’n, Tpy1)
Tp1,STn—1)0(Tp, Txy)sp(Sn_1,Trn))
p(xnfla wn))(p(‘rnfl? xn))

:Enflaxn)a

p(wn; $n+1)

INIAIN A
T =2

for all odd n.

= P(@n, Tpg1) < B(P(Tn—1,20)) (P(Tn-1, Tn))
p

<
< p(xp-1,2zn), YneN

On taking limits as n — oo, we have,

lim p(2n, Tpe1) < lim B(p(iﬁn—lvxn))(p(xn—laxn))
n—oo n—oo

< lim p(@p, Tpi1)
n—oo

=r < lim ﬁ(p(xn—laifn))r <r

n—oo

= lim B(p(zn-1,7n)) =1
n—oo

= hm (p(l‘nflal'n)) = O
n—oo

=7r =0,

a contradiction our assumption r > 0. Hence r = 0.

csor= lim p(x,, xpe1) = 0. (3.7)

n—oo
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Now we claim sequence {z,} is a Cauchy sequence. Assume that {z,} is not a Cauchy sequence. Then
by Lemma B3, 3 ¢ > 0 and sequences {xy,}, {®m,}; mr > np > k such that p(xn,,,z,,) > € and

P(Tmy—1,Tn,,) < €.
Let us observe the following cases:
Case(i): Let my is even and ny is odd

. 5€ < sp(xm,, Tny,)
= sp(TTm;—1, STn,—1)}
< a(xmk*h T‘kafl)a(xnkfl’ Smnkfl)ﬁ(M(xmk*h xnkfl))M(xmk*h ‘Tnk*]-)
< ,B(M(.ka_l, xnk_l)M(xmk_]-’ xnk_l) < M(xmk_17 xnk_l)’ (3'8)

where

M('rmk_l’xnk_l) = ma‘X[p(Imk_17xnk_l)’p(xnk_:b ank—l)ap($mk—1vTxmk—1)a
1
2s
= ma‘x[p(xmk_hxnk_1)7p(xnk_17x”k)7p(xmk_1’ xmk)7

{p(@my—1, S0, —1) + P(TTmy -1, Ty 1) }]

L emets0) + Pyt

S maX[p(mmk_l,$nk_1),p(xnk_1,l'nk),p(l'mk_l, xmk)7

1

%[{Sp(xmk717l'nkfl) + Sp(l'nkfla xnk) - p(xnk717xnk71)
+ Sp(xmk—lv xnk—l) + Sp(mmk—l, -ka) - p(xmk—lv xmk—l)}]

S max[p(xmk_l, xnk—1)7p(xnk—17 -xnk)ap(xmk—la xmk)y

1
7[{25p($mk—1’ xnk_]-) + sp(xnk—lv xnk) + Sp(xmk’$mk—l)}]

2s
1 1
= p(xmk—h xnk—l) + §p(xnk—17 xnk) + §p(xmkul'mk—1)
1 1
S Sp(xmk—lv xnk) + Sp(‘rnka xnk—l) - p(wnmxnk) + ip(xnk—la xnk) + ip(xmkywmk—l)

1 1
< $p(Tmp—1,Tny,) + SP(Tny,, Trg—1) + §p(xnk_1, Tp,,) + ip(wmky-fmk—l)

1 1
< - -
_se+s77+277—|-277,

where
P(Tny—1, Tn,,) < 1 and p(Tmy,, Tme—1) <n; n— 0 as k — oo

cos€ < B(M(2my—1, Tny—1)(s€ + s+ 7). (3.9)

Allowing k& — oo,
se < lim B(M(xmy—1,Tn,—1) lim (se + sn+n)
k—o0 k—o0
se < lim B(M(Tmy—1,Tn,—1)(€)
k—o0

lim B(M(l'mkflaxnkfl)) =1
k—o0
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lim M(xmk_l,a:nk_l) = 0,
k—o0

then by (BH) se < 0, a contradiction.
Case(ii): Let my is odd and ng is odd

Sp(l’mk, fL'nk+1) S CM(.’L‘mkf]_, S:kafl)a(xnky T‘Tnk)sp(sq"mkfly Tﬂfnk))
< /B(M(xmk—la xnk)M(xmk—l’ xnk)
< M(my—1,n, ), (3.10)

where

M(xmk—lv xnk)

1
= max [p(wmk_h Ty )y D(@my—1, STy —1), P(Tnyy, Ty, %[{p(Sﬂcmk_h Try) + P(@Tmy—1, Txnk)}}

= max [p(mmkla mnk)a p(l’mk,h xmk),p(znk ) mnk+1)7 275 [{p(mmk ) l'nk) + p(l‘mkflv l’nk+1)}:|
1

:p(xmk—hwnk) or % {p(‘rmk’xnk)+p(mmk_17xnk+1)}

Suppose M (@, —1,Tn,) = P(Tmy—1,Tn, ) < €.
But

€ S p(l‘mk7wnk) S Sp(xmkaxnk-i-l) + Sp(xnk-f—la l‘nk) - p(l’nk—i—h mnk-‘rl)
< $p(Tmy,, Tny+1) + sn where n > 0 3 p(xy, 11, 2n,) <7 (3.11)
= €— s1 S Sp(l'mk, xnk+1)7

(3.12)
€= 8N < Sp(Tmy s Tngt1) < (-1, STmp—1)(Tn,, Tn, ) SP(STimy—1, Ty, )
< BP(Tmy—1, Ty )P(Trmy—1, Ty,
< P(Tmp—1,%n,) <€ (3.13)

Allowing k — oo, then n — 0

soe< lim ﬁ(p(xmk—lal’nk))(ﬁ) <eand lim p(xmk—hxnk) =€
k—o0 k—o0
v i B 1, w,)) = 1
= lim p(zm,—1,2%n,) =0
k—o0

=e=0,
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a contradiction.
Suppose M(xmk_17$nk) = 715 [{p(xmk7xnk) +p(‘ka—17xnk+l)H'
On the other hand
p(xmkvxnk) + p(xmk—lv xnk—i-l) S Sp(l'mka xn;ﬁ-l) + Sp(xnk+17 wnk)_p(xnk—&-lv xnk—i-l) + Sp(wmk—l, xmk)
+ sp(xmk? xnk+1) - p(l’mk,xmk)
< 8p(Timys Tgt1) + SP(Tny 415 Tny,) + SP(Tmy, Trg+1) + SP(Timy—1, Ty, )
< 28p(Tmy, s Tngt1) + 250 < 25€ + 251,
where p(Zm,—1,%m,) <1 and p(n,, Tn,+1) < 1 for some n > 0 for large k,
1
" 5 W@y, Ty ) + P(Tmy -1, Tny41) 3] < € 4. (3.14)

Therefore,

1
M(xmk*17xnk) = ?S[{p(xmk"rnk) +p(xmk*17$nk+1)}] <e+n.

.. From (B12), (B13) and (B13),

€—sn< Sp(.%'mk,l’nk+1)
< BM (zmy—1, Tpy ) (M (T —1, Tny, )
< M(@my—1,Tny,)
<e+n.

Allowing k& — oo, then n — 0

ce< kli)n;o B(M (Tmy—1,%n,)) kli)ngo M (xm)—1,2n,) < € and kli}n;o M(xmy—1,2n,) =€

oo lim B(M(xmkflal'nk)) =1
k—o0

= lim M (2, —1,2n,) =0

k—o0

=e=0,

a contradiction.
Similarly the other two cases can be discussed.

. {xn} is a Cauchy sequence. Hence lim p(x,, ) exists and is equal to 0 (by (871) and Lemma B3).

n,Mm—00

Since (X, p) is complete, .. {x,,} — y for some y € X, then

0= lim p(z,,zm) = T}Lrgop(xn, y) =p(y,y).

n,Mm—00

Let n be even and

a(y, Ty) > 1 (by (iii)).

(3.15)
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Now,
sp(Sxp, Ty) < a(@n, Sxp)ay, Ty)sp(Stn, Ty)
< BM (20, y))M (20, y) < M(25,y) (3.16)
where
1
M (zy,y) = max {p s Y)s Py, Ty), p(@n, Sn), o [p(an, Ty) + p(Stn, y)]}
1
= s { (00,0 7).l ). 5l T) + bl )]
1
< max {p(fcm Y), (Y Ty), p(@n, Tns1), 5o [5P(2n, y) + 500y, Ty) = (Y, y) + P(Tn+1, y)]}
= p(y,Ty) for large n. (3.17)
2osp(San, Ty) = sp(Tnt1, Ty) < M(zn,y) = p(y, Ty).
But
im0 =y, (3.18)
‘. By Lemma B3,
lim sp(Szn, Ty) = lim sp(zni1,Ty) = p(y, Ty). (3.19)
Now by (B12)
Sp(an, Ty) < ﬂ(M(xn’ y))M(xna y) < M(l'na y)
Allowing n — oo,
. - -
Jim_sp(Szp, Ty) < lim S(M (2n, y))M (20, y) < lim M(zs,y)
= py, Ty) < lim B(M (zn, y))p(y, Ty) < p(y, Ty)-
Therefore
Jim S(M(zq,y)) = 1
= lim M(zp,y) =0
n—oo
=p(y,Ty) =0=y="Ty.
Therefore y is a fixed point of 7.
Let n be odd and
a(y,Sy) > 1 (by (iii)). (3.20)
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Now,
sp(Txy, Sy) < a(zn, Tan)a(y, Sy)sp(Ty,, Sy)
< /B(M@'my))M(xmy) < M(xmy)7 (3'21)
where
1
M(zp,y) = max {p Tn,Yy), Py, SY),p (mn,Twn),;s[p(mn,Sy) +p(chn,y)]}
1
= {p Tn, Y y7sy) (-Tmﬁn—kl)v%[p(xmsy) +p(xn+17y)]}
1
< max {p(mn, Y), 2y, SY), p(Tn, Tny1), %[Sp(xn, y) +sp(y, Sy) — (Y, y) + p(Tnt1, :t/)]},
= p(y, Sy) for large n. (3.22)
o sp(Txy, Sy) = sp(znt1, Sy) < M(zn,y) = p(y, Sy).
But
im0 =y. (3.23)
‘. By Lemma B3,
lim sp(Tiwy, Sy) = lim sp(zni1,5y) = p(y, Sy)- (3.24)
Now by (B12)

sp(Tn, Sy) < B(M (zn, y)) M (2, y) < M (2, y).

Allowing n — oo,
lim sp(Tan, Sy) < lim B(M(zn,y)) M (2n,y) < lim M (2, y)
n—oo n—oo n—oo

= p(y,Sy) < Tim B(M (0, y))p(y, Sy) < p(y, SY).

Therefore
lim B(M(xn,y)) =1
n—oo
= lim M(zp,y) =0
n—oo
=p(y,Sy) =0=y = Sy.
Therefore y is a fixed point of S. Hence S, T has a unique common fixed point. O

Now we state and prove our second main result.
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Theorem 3.8. Let (X,<,p) be a complete partially ordered partial b-metric space with s > 1 and let
a: X x X —[0,00) be a function such that a(z,x) > 1V x € X. Let S, T be a pair of weakly increasing
self maps on X. Suppose that there exists B € Q such that a(x,y)p(Sx, Ty) < B(M(x,y))M (z,y) for all
xz,y € X, where

M) = ma { o, ).pa, 50), (0 T, 5 ol T) + (5.0 -

Assume that

(i) S, T are a—admissible,

(ii) there exists xo € X such that a(xg, Szo) > 1,

(i) X is a regular and for every sequence {x,} C X such that o(x,,zp+1) > 1 V n € NU{0}, we have
a(Tm, Tn) > 1 for all m,n € N with m < n,

then S, T have a unique fixed point in X.

Proof. Let xp € X such that a(zg, Szg) > 1. Define the sequence {z,} in X by z9, = Tx9,—1 and zo,_1 =

Ston—2 V n € N. We have by Theorem B74, {z,} is a Cauchy sequence such that li_>m p(xn, Tpy1) = 0.
n oo
lim p(zy,xn,) exists and equal to 0. Since (X, <,p) is complete.
n,M—00

" {xn} — z for some z € X such that

0= lim p(zp,xm)= lm p(z,,z) = p(z, 2). (3.25)

n,m—0o0 n—o0

Since X is regular, therefore there exists a sub sequences {x,, } of {z,} such that

a(xy,,z) > 1V EeN. (3.26)
Let n; be even
So5p(xn1, T2) < olp,, 2)sp(Sey,, T'z)
< B(M(2n,,, 2)) M (2n,, 2) < M(2n,, 2), (3.27)

where

1
M (zp,,z) = max { p(xn,, 2), p(Tn,, Stn, ), (2, T%), %[p(:cnk,Tz) —i—p(S:Unk,z)}}

3 Py T2) 4 plon 20}

< max

= max {p Ty s 2 7 "L‘nkvl'nkJrl)ap(szz)a
1
p Tnyy 2 ) xnkyxnk—i-l)up(szz)u%[Sp(xnkaz)+8p(Z7TZ)_p(z7z)+p($nk+1pz)]

1
< max {p($nk7 Z),p($nk,$nk+1),p<Z,TZ>, g[sp(xnka Z) + Sp(Z7TZ) +p($nk+1, Z)]}

=p(z,Tz) for large k. (3.28)
= sp(Tn,+1,T2) < p(z,Tz) and {z,} — =. (3.29)
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.. By Lemma B,

lim sp(wn, 2) = p(z, T)

n—oo

22, T2) < B(p(z,T2)p(z,Tz) < p(z,Tz)
=p(z,Tz) =0 (3.30)
coz=Tz,

.. z is a fixed point of T in X.
Let n; be odd

(@, 2)sp(Txy, , S2)

Cosp(Tn41,92) <
B(M (zp,,,2))M(xn,,2) < M(xn,, 2), (3.31)

<

<
1

p(«rnk7 Z)ap(xnkaTxnk)7p(Z’ SZ)? ?S[p(xnk’ SZ) +p(T'Ink’ Z)]}

= 0 {20, 1) D05 52 P S2) 4 Dl 20}
{0002, 2), 0 520, 5 990 2) 52,5 = (32 2) 4 Dl 0,2

2s
1
< max p(l‘nk, Z)ap(xnkvl‘nk+1)7p(27 SZ), %[Sp(l'nka Z) + Sp(Z, SZ) +p($nk+1a Z)]}
= p(z,Sz) for large k (3.32)
= sp(zp,+1,52) < p(z,Sz) and {z,} — =. (3.33)
.. By Lemma B3,
Jim_sp(xp, ) = p(z, 52)
5.p(2,82) < B(p(z,52))p(z,52) < p(z,Sz)
= p(2,82) =0 (3.34)
Sz =8z.

.. z is a fixed point of S in X.
Assume that u and v, with u # v are two fixed points of S, T. Then Su =Tu = w and Sv=Tv = v,

0 < p(u,v) < sp(u,v) < a(u,v)sp(Tu, Sv) < B(M(u,v))M(u,v) < M(u,v),

where

M (u,v) = max {p(u, v), p(u, Tuw), p(v, Sv), %S[p(u, Sv) + p(Tu, v)]}
= p(u,v), (3.35)

0 < p(u,v) < B(M(u,v))M(u,v) < M(u,v) = p(u,v), which is a contradiction. Therefore, we get p(u,v) =
0 = u =wv. Hence S, T have a unique fixed point in X. O
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Now we state and prove our third main result.

Theorem 3.9. Let (X,<,p) be a complete partially ordered partial b-metric space with s > 1 and let
S, T : X — X be a pair self maps weakly increasing. Let o : X x X — [0,00) be a function. Suppose there
exists € Q such that sp(Sz,Ty) < B(M(z,y))M(x,y) for all x,y € X with v <y, where

M) = o { o). po, S2), 00 T, 5 ole T) + (5.0 -

Assume that

(i) there exists xo € X such that xo < Sxg,

(i1) X is such that, if a non-decreasing sequence {xy,} converges x, then there exists a sub sequence {xp, }
of {zn} such that x,, <xV k€N,

(#ii) x, y are comparable whenever x,y € Fix{S, T},

then S, T have a unique fized point x in X.

Proof. Define mapping a: X x X — [0,00) by

(2.7) 1, if z<y
alzr,y) =
Y 0, otherwise.

Since S and T' are weakly increasing, x1 = Sxg < T'Sxg = Tx1 = x9 < STz = Sxo =23 -+ .

o1 < a9 <wxg <---. Thus {z,} is non-decreasing.

We have by (i) there exists xg € X be such that ¢ < Sxg =a(xg, Sxg) > 1 which is the condition (ii) of
Theorem BR.

Without loss of generality, we assume that z, # x,41 for all n € N. By using the a-admissibility of T, we
have a(xg, 1) = a(xo, Szg) > 1 = a(r1,22) = a(Sxo,Tx1) > 1. Now, by mathematical induction, it is
easy to see that a(xy,zp+1) > 1 for all n € N.

.S, T are a—admissible, which is the condition (i) of Theorem B.

Let {z,,} be a sequence in X such that a(z,,zn+1) > 1 Vn e NU{0}, and z, - = € X as n — oco. By
definition of «, we have x,, < z,41 ¥V n € NU{0}.

. {xn} is non-decreasing.

.. By (it) of this theorem, there exists a subsequence {zy, } of {z,} such that z,,, <z V k € N and hence
X is a-regular. Further, a(zp,x,) > 1 V m,n € N with m < n. Hence (éii) of Theorem B holds.

By condition (#i7) of this theorem, x,y € Fix{S,T} =z <y = a(z,y) > 1.

Thus hypothesis of Theorem B holds. Hence by Theorem B, S, T have a unique common fixed point in
X. O

Corollary 3.10. Let (X,<,p) be a complete partially ordered partial b-metric space with s > 1 and let
S, T : X — X be a pair of weakly increasing self maps. Let o : X x X — [0,00) be a function such that
alz,y) = 1V z,y € X. Suppose there exists f € Q such that sp(Sx,Ty) < B(M(x,y))M(x,y) for all
z,y € X, where

M) = o { o). po, S0), 00 T, 5 ole T) + (5,00 -

Then S, T have a unique common fixed point z in X.

Now we give an example in support of Corollary BI0.

Example 3.11. Let X = {0,1 1 1... ,110} with usual ordering.

O RICE]
Define
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0, ifr=y
1, ifx #y e {0,1}

. 1111 1
‘l'—y’, lfxvyE {072547678710}

4, otherwise.

p(w,y) =

(IS

Clearly, (X, <,p) is a partially ordered partial b-metric space with coefficient s = 8. (P. Kumam et al. [14])
Define T : X — X by

wl

1 1 1 1 1 1 1
Tl—Tg—Tg—T?—Tf—O, T0 = 2—T4—T6—T8—T10—4:>T(X)—{0,}.
Define S : X — X by
1 1 1 1 1 1 1 1 1 1 1
]_: - = - = — = - = = - = - = - = - = _— = = X: —
S 53 55 S7 5’9 S0 52 S S 58 S = S(X) {4},
and

- if ¢ € (0,00)
n =T ! ’
) {0, if t =0,
a(z,y) =1V x,ye X.

Lot A= {o,;,i,g,;,llo} and B = {1,;,;,;;} S T(A) = 1, T(B) = 0 and S(A) = ! = S(B).

For z,y € X and p(z,y) # 0 = = # y, then following are the cases
(i) For 2,y € A = Sz =Ty = 1 = sp(Sz,Ty) =0,

o osp(Sz, Ty) < (M (x,y)) M (x, y) for all z,y € A;

glii) Forz,y € B= Sz = 1,Ty=0= sp(Sz,Ty) = (5)(3) = % where M (z,y) =4 = B(M(z,y))(M(z,y)) =
5

oosp(Sx, Ty) < B(M(x,y))M(x,y) for all xy € B;

B = Sz = %,Ty =0 = sp(Sz,Ty) = (%)(%) = % where M(z,y) = 4 =

c.sp(Sz, Ty) < (M (z,y)) M (x, y);
(iv) Forx € A, y € B= Tz = Sy = 1 = sp(Tz, Sy) =0,

-osp(Sz, Ty) < B(M(z,y)) M (z,y)
~osp(Sz, Ty) < B(M(z,y))M(x,y) for all z,y € X.

Since T(}l =9 % = % and a(i,Ti) = 1. Therefore % € X is a fixed point. The hypothesis and

conclusions Corollary 3.11 satisfied.
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We observe that Theorems 2.13, 2.14 and 2.15 of V. La Rosa et al. [I5] are true when s = 1 and
S =T = f. Hence Theorems 2.13, 2.14 and 2.15 of V. La Rosa et al. [IH] are corollaries of our main results.
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